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We deﬁne the concept of Levi-Civita truncation for a Lagrangian in the Palatini formulation with an 
arbitrary connection, and show that its consistency uniquely identiﬁes the Lovelock Lagrangians.
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In the Palatini formulation of gravity, the connection is treated 
in line with gauge ﬁeld theory as an independent variable. There 
are therefore two formulations, one with the metric (the viel-
bein) and the connection being both independent variables, and 
the other with the metric (the vielbein) alone being the indepen-
dent variable. Of course it is expected that both these formulations 
should yield the same equation of motion (EOM). The proof of 
the equivalence of the two formulations of general relativity has 
a long history beginning with Einstein himself in 1925 [1], where 
he had established the equivalence under the additional condition 
on the connection of the vanishing of the trace of the torsion ten-
sor. Since then several authors have worked on this problem (see 
for instance, [2–5]) but none has improved upon the Einstein con-
dition. In the usual derivations of the equivalence, the symmetry of 
the connection, which means vanishing torsion, is always assumed 
in the metric-aﬃne formulation, whereas for the vielbein-aﬃne 
formulation is assumed the antisymmetry of the spin-connection, 
which means metricity. This was the situation until very recently 
when in the works [6,7], the equivalence is established for an arbi-
trary connection without any condition on it. It turns out that the 
Einstein condition is indeed a gauge condition because the action 
admits a gauge symmetry – the well-known projective transfor-
mation – which in our understanding has for the ﬁrst time been 
recognized as such in [7]. Results in the same direction can be 
found in [8].
Once we realize that it is possible to work with an arbitrary 
connection, with no restrictions whatsoever, it is pertinent to con-
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nomial action. Using a symmetric connection in the metric-aﬃne 
formulation, it has been argued that the equivalence of the two 
formulations identiﬁes the Lovelock polynomial action uniquely [9] 
(see also [10–12]). Although we believe that the result is true, 
however it appears that the arguments are not completely satisfac-
tory. This is however an interesting characterization of the Lovelock 
Lagrangians. We would therefore like to address this question in a 
more general setting of an arbitrary connection. It turns out that 
it is very diﬃcult to tackle this question in all generality. However, 
in the process, we have discovered a neat characterization of the 
Lovelock Lagrangians. This is precisely what we wish to demon-
strate in this Letter.
We shall consider Lagrangians which are polynomial in the Rie-
mann curvature without its derivatives. We employ the concept of 
truncation of the Palatini Lagrangian with respect to the Levi-Civita 
(LC) connection by which we mean that the connection is substi-
tuted by the LC connection. The consistent LC truncation would 
mean that the truncated EOM of the Palatini Lagrangian is the 
same as the EOM of the truncated Lagrangian. Our main result is 
that the consistency of such a truncation uniquely identiﬁes the 
Lovelock polynomial Lagrangians.
The Letter is organized as follows: The next section would be 
devoted to the consistent LC truncation of the Palatini Lagrangian 
which would be followed by the establishment of the main result 
as a theorem. We conclude with a discussion.
2. Consistent Levi-Civita truncation
All through, we shall consider a Palatini Lagrangian which is 
polynomial in the Riemann curvature but free of its derivatives and 
the connection is arbitrary without any symmetry properties. This 
is quite different from the previous works where either the con-
nection is usually taken as torsionless, symmetric connection in
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ric in its ﬂat indices for the vielbein-aﬃne formalism.
We deﬁne the truncation [13,14] as the introduction of con-
straints that eliminate some ﬁelds or ﬁeld components either in
the Lagrangian or in the EOM. The truncation is said to be con-
sistent if the truncation of the EOM of the original Lagrangian
agrees with the EOM of the truncated Lagrangian.1 We shall how-
ever not consider other type of truncations like those associated
with the Kaluza–Klein dimensional reductions. Our interest is in
the LC truncation where the arbitrary connection is replaced by
the LC connection. We shall seek the Lagrangians satisfying the
consistency condition.
We shall write L¯ → L to denote the LC truncation. The over-
head bar is indicative of the connection being an arbitrary inde-
pendent ﬁeld and the quantities built from it. Dropping the bar
will indicate the LC truncation has been effected. The consistency
of the truncation is indicated by the commutativity of the diagram
L¯ Trunc L
EOM
Trunc
EOM
This consistency guarantees that any solution of L can be up-
lifted to a solution of L¯.
Let us start with some notation for the vielbein-aﬃne formal-
ism. The vielbein one-forms are eI = eIμdxμ; the two-form Rie-
mann tensor is deﬁned as R¯IJ = dω¯IJ + ω¯ I K ∧ ω¯KJ , where ω¯IJ is
the one-form connection, completely arbitrary. Its relation to the
connection in the metric-aﬃne formulation is ω¯μ I J = eIν(∂μeνJ +
Γ¯ νμρe
ρ
J ). It is convenient to perform a change of variables, by mak-
ing use of the LC connection ωIJ (torsionless and metric compati-
ble). We deﬁne the one-form CIJ by
ω¯IJ = ωIJ + CIJ. (2.1)
Under this change of variables, R¯IJ becomes
R¯IJ = RIJ + DCIJ + C I K ∧ CKJ, (2.2)
where RIJ is the two-form Riemann tensor obtained from the LC
connection and D is the covariant differential operator associated
with the LC connection
DCIJ = dCIJ + ω I K ∧ CKJ + ω J K ∧ CIK = ∇μCIJνdxμ ∧ dxν, (2.3)
where ∇μ is the LC covariant derivative.
Once the change of variables is performed, the LC truncation is
deﬁned by setting C = 0. But before the truncation, the Lagrangian
L¯ is a functional of the vielbein and the C tensor. In fact, the sub-
stitution (2.2) yields
L¯ = L + O(C), (2.4)
where L is the LC truncated Lagrangian and by O(C) we mean
terms at least linear in C and including its ﬁrst derivatives.
It may be noted that if the term linear in C cannot be absorbed
in the total divergence, the consistency of the truncation would be
a non-trivial condition.
1 There is in the literature a weaker version of the concept of consistent trun-
cation, see for instance [15]. In this weaker sense, a truncation – setting to zero
some ﬁelds – is consistent if the solution of the EOM for the remaining ﬁelds can
be uplifted to a solution of the original EOM. Now the truncated Lagrangian plays
no role.3. Lovelock characterization
To analyze the consistency of the truncation, we must compare
the truncated EOM with the EOM of the truncated Lagrangian.
With this purpose in mind, and as a matter of convenience, let
us express the Riemann tensor in the holonomic, coordinate ba-
sis (although our framework continues to be the formalism with
vielbein). In our conventions Rμν I J = −eρJ eIσ Rμνρσ , and the trun-
cated Lagrangian will be written as a function of the vielbein and
the Riemann tensor in the form L(eIλ, Rμνρσ [g,Γ [g]]).
Since in the truncated theory the Riemann tensor is built with
the LC connection, keeping all its indices down will allow us to
take full advantage of the symmetry properties of Rμνρσ which
will be inherited as symmetry properties by the density tensor
∂L
∂Rμνρσ
.
We now have the two sides of the truncation as follows:
A: LC truncated EOM from the Lagrangian L¯
∂L
∂eIμ
+
(
∂L
∂Rαβρμ
Rαβρ
λ + ∂L
∂Rαβρλ
Rαβρ
μ
)
eλI = 0, (3.1)
∇μ ∂L
∂Rμνρσ
= 0. (3.2)
B: EOM from the LC truncated LagrangianL
δL
δeIμ
= ∂L
∂eIμ
+
(
∂L
∂Rαβρμ
Rαβρ
λ + ∂L
∂Rαβρλ
Rαβρ
μ
+ 4∇ρ∇α ∂L
∂Rα(μλ)ρ
)
eλI = 0. (3.3)
Let us note that Eq. (3.2) originates from the term linear in C
in Eq. (2.4),
δL¯
δC
∣∣∣∣
C=0
⇐⇒ ∇μ ∂L
∂Rμνρσ
= 0. (3.4)
In the absence of such a linear term, modulo a divergence, Eq. (3.2)
will be an identity and vice versa.
It is obvious that A ⇒ B. The LC truncation will be consistent
if the other way around is also true. Our main result is then the
following theorem.
Theorem. The Levi-Civita truncation is consistent if and only if the La-
grangian, which is a polynomial in the Riemann curvature and not in-
volving its derivatives, is the well-known Lovelock Lagrangian.
It could be also cast in a larger set of equivalent statements as follows:
I. Modulo a divergence, L¯ is at least quadratic in C .
II. The LC truncation (setting C = 0), L¯ → L, is consistent.
III. The EOM for the LC truncated Lagrangian L is of second order.
IV. The expression ∇μ ∂L∂Rμνρσ vanishes identically.
V. The truncated Lagrangian L is a Lovelock polynomial.
Note that the Theorem corresponds to the equivalence: II ⇔ V.
The cornerstone of our analysis is Eq. (3.2).
Proof. The equivalence I ⇔ IV has already been shown after
Eq. (3.4). Now we will prove II ⇔ IV, i.e., that the necessary and
suﬃcient condition for the LC truncation to be consistent is that
Eq. (3.2) becomes an identity. The suﬃciency is quite obvious and
we need only to prove its necessity.
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empty. The Lagrangian L is a sum of homogeneous polynomials,
we need only to consider a homogeneous polynomial. The general
form of the LC truncated Lagrangian L is
L = Rμ1ν1ρ1σ1 . . . Rμkνkρkσk Aμ1ν1ρ1σ1...μkνkρkσk , (3.5)
with the coeﬃcient Aμ1ν1ρ1σ1...μkνkρkσk , made exclusively with the
metric gμν (the vielbein having been absorbed), exhibiting all the
symmetries of the Riemann tensor and in addition the symme-
try of exchange of μiνiρiσi and μ jν jρ jσ j . Then the expression
∇μ ∂L∂Rμνρσ will read as
∇μ ∂L
∂Rμνρσ
= k(k − 1)(∇μRμ2ν2ρ2σ2)Rμ3ν3ρ3σ3 . . . Rμkνkρkσk
× Aμνρσμ2ν2ρ2σ2...μkνkρkσk . (3.6)
Since this does not vanish, the symmetries of Aμν... do not allow
the Bianchi identity to operate on the derivative term on the right.
Now let us apply another covariant derivative to Eq. (3.6)
∇ρ∇μ ∂L
∂Rμνρσ
= k(k − 1)(∇ρ∇μRμ2ν2ρ2σ2)Rμ3ν3ρ3σ3 . . . Rμkνkρkσk
× Aμνρσμ2ν2ρ2σ2...μkνkρkσk
+ k(k − 1)(k − 2)(∇μRμ2ν2ρ2σ2)(∇ρ Rμ3ν3ρ3σ3)
× Rμ4ν4ρ4σ4 . . . Rμkνkρkσk Aμνρσμ2ν2ρ2σ2...μkνkρkσk . (3.7)
So we would have the term, ∂ρ∂μRμ2ν2ρ2σ2 which would cer-
tainly be fourth order in the derivatives unless there is antisym-
metry in ρ and μ. In that case the Riemann tensor in Eq. (3.5)
will appear antisymmetrized with respect to all their four indices
leading to the vanishing of the Lagrangian itself because of the
non-differential Bianchi identity, R[μνρ]σ = 0. We are thus led to
the conclusion that Eq. (3.7) would be fourth order in the deriva-
tives for non-empty Eq. (3.2). This means Eq. (3.3) would also be
fourth order.2 Thus we conclude that when Eq. (3.2) is non-empty,
Eq. (3.3) is a fourth order EOM which cannot be equivalent to sec-
ond order Eq. (3.1) plus third order Eq. (3.2). This shows that the
LC truncation is not consistent and we have therefore proved the
necessary condition and so II ⇔ IV. By the same token III ⇔ IV
is also proved because for Eq. (3.3) to be of second order we
have just shown that it is necessary (and obviously suﬃcient) that
Eq. (3.2) be an identically vanishing equation.
To ﬁnish the proof of the theorem we need to show that
Eq. (3.6) admits only the Lovelock Lagrangians as solutions. We
look for what structures of Aμν... make Eq. (3.6) to vanish iden-
tically. This can only happen if the Bianchi identity operates in
Eq. (3.6), and for that to occur additional antisymmetry of the in-
dices of Aμν... would be required. This Bianchi identity can involve
the two ﬁrst indices of Rμνρσ or the last two indices. We can use
the symmetries of the Riemann tensor to assume that the ﬁrst two
indices are those involved in the Bianchi identity. This means that
Aμν... in Eq. (3.5) has the extra antisymmetrization for the indices
μi,μ j . Since there was already the antisymmetrization μi, νi , we
end up with all the μi, ν j indices antisymmetrized. On the other
hand, the symmetries of the Riemann tensor imply that one can
use any of the four indices of the Riemann tensor in the covariant
derivative present in Eq. (3.6). Using for instance ∇ρ ∂L∂Rμνρσ , the
2 The proof is by noticing that ∇ρ∇α ∂L∂Rα(μλ)ρ = ∇ρ∇α ∂L∂Rαμλρ −∇ρ∇α ∂L∂Rα[μλ]ρ , and
that the second term in the rhs is of second order.same arguments used above show that there must be an antisym-
metrization for all the ρi, σ j indices as well. With this additional
symmetry, let us rewrite Eq. (3.5) as
L = Rμ1ν1ρ1σ1 . . . Rμkνkρkσk Aμ1ν1...μkνkρ1σ1...ρkσk , (3.8)
with Aμν... antisymmetric in all the upper and all the lower in-
dices. Up to a global factor (determined by the scalar density re-
quirement for the Lagrangian), the only geometric structure that
can accord to this requirement is
δ
μ1...μr
ν1...νr = δ[μ1ν1 . . . δμr ]νr = δμ1[ν1 . . . δ
μr
νr ]. (3.9)
So we end up with a Lovelock Lagrangian [16]
Lp = √−gδμ1...μpν1...νpρ1...ρpσ1...σp Rμ1ν1ρ1σ1 . . . Rμpνpρpσp . (3.10)
We have thus proved that the general solution of Eq. (3.2) vanish-
ing identically is L =∑p cpLp with arbitrary coeﬃcients cp (the
fact that the Lovelock Lagrangians have Eq. (3.2) vanishing identi-
cally has already been shown in [17,18]).
This proves IV ⇔ V and establishes the equivalence of all the
statements. Consequently it proves the theorem.
Alternatively [19,20], we can also write Lp as
Lp = I1 I2...In R I1 I2 ∧ · · · ∧ R I2p−1 I2p ∧ e2p+1 ∧ · · · ∧ eIn (3.11)
where n is the spacetime dimension. This is the LC truncated La-
grangian obtained by dropping the bars from the original Lovelock–
Palatini Lagrangian. As recognized earlier for the Einstein–Palatini
Lagrangian in [7], the same gauge symmetry
ω¯IJ → ω¯IJ + ηIJ V , (3.12)
with V an arbitrary one-form, is admitted by this Lagrangian (in
the metric aﬃne formulation, the gauge symmetry is Γ¯ νμρ →
Γ¯ νμρ + Vμδνρ ). It can be seen easily that L¯p is invariant because
R¯IJ → R¯IJ + ηIJ dV . (3.13)
4. Discussion
Our analysis is critically based on Eq. (3.2) being an identity.
It is a necessary and suﬃcient condition for the LC truncation to
be consistent as well as the EOM being second order and the La-
grangian being the Lovelock. It may be noted that all previous
considerations of this problem referred to a symmetric connec-
tion in the metric aﬃne formulation while here we deal with an
arbitrary connection without any restrictions. This is a step for-
ward.
It is remarkable and interesting to note that the consistent
LC truncation requirement for an arbitrary connection is precisely
what identiﬁes uniquely the Lovelock Lagrangians. The Lovelock
Lagrangians are not only the most natural generalization of the
Einstein–Hilbert Lagrangian but they also imbibe the physically
most desirable feature of the EOM being second order quasi-
linear. That allows the formulation of the initial value problem
and thereby ensuring a unique evolution modulo diffeomorphism
invariance for a given initial conditions. This suggests that the con-
sistent LC truncation may at some deep level be linked to this
important physical property. Above all it seems to provide some
new insight. In this regard, it is also interesting to recognize yet
another novel characterization of the Lovelock Lagrangians by the
Bianchi derivative [21]. In here, the idea of constructing a second
rank divergence free differential operator from the vanishing trace
of the Bianchi derivative of the Riemann curvature is extended to
the entire Lovelock polynomials.
Since we employ an arbitrary connection, a new gauge sym-
metry, Eq. (3.12), which was ﬁrst noticed for the Einstein–Palatini
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as well. If the preservation of this gauge invariance plays a role
in the selection of the physically relevant theories, the Lovelock–
Palatini Lagrangians would pass the test.
We had begun with the more general question of the equiv-
alence between the Palatini and the metric formulations and
this equivalence was shown to exist for the Einstein–Palatini La-
grangian with an arbitrary connection [7]. This is because the gen-
eral solution for the C tensor is a pure gauge solution. The ques-
tion is to carry forward this equivalence for the Lovelock–Palatini
case as well. However here we have not been able to establish
the equivalence although the consistent LC truncation does indeed
identify the Lovelock Lagrangians uniquely. This is what would en-
gage us for some time to come.
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